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Abstract

We study the Klein—Gordon equation for a scalar field on four-dimensional Anti-de
Sitter spacetime (AdS4). Starting from the vacuum Einstein field equations with a
negative cosmological constant, we derive the global AdS; metric and compute the
associated Laplace-Beltrami operator. Using the symmetries of the spacetime, we
reduce the Klein—Gordon equation to an ordinary differential equation governing the
radial behavior of the field. We then analyze the asymptotic behavior of solutions
near the conformal boundary and show that they split into two distinct power-law
branches. The corresponding exponents are determined by the field mass and lead to
the Breitenlohner—Freedman bound, which constrains stability in AdS. We emphasize
that, due to the timelike nature of the AdS boundary, boundary conditions are required
to uniquely specify solutions, and different choices lead to physically distinct theories.
Finally, we compare global AdS coordinates with the Poincaré patch to highlight the
role of coordinate choices in understanding the spacetime’s global structure.



1 Introduction and Motivation

We work in natural units ¢ = A = 1 with metric signature (— + ++).

Anti-de Sitter Space (AdS hereafter) is a maximally symmetric Lorentzian manifold with
constant negative sectional curvature (saddle-like), whose metric is arises as a maximally
symmetric solution to the Einstein Field Equations with negative cosmological constant.

S rs

“ '

Figure 1: 1+ 1 dimensional AdS spacetime. Fig. 2 of [3].

AdS is best known for its role in string theory and holography, specifically the AdS/CFT
correspondence, which relates a theory with gravity in AdS to a theory without gravity
defined on its boundary. The key idea of this correspondence is that what happens in the
bulk is closely tied to behavior at the boundary. This makes the boundary conditions of
our system of great importance. We will see how in the simple case of the Klein-Gordon
equation, the choice of boundary conditions lead to distinct solutions and influences the
behavior of the field throughout the spacetime.

The Klein-Gordon equation (KG equation hereafter) is a relativistic generalization of the
Schrodinger equation for scalar fields. More specifically, it’s a manifestly covariant differential
equation which is second order in space and time, derived from the famous energy-momentum
relation.

The global geometry of Anti-de Sitter spacetime has important properties. In particular,
its conformal boundary is timelike. Unlike asymptotically flat spacetimes, signals can reach
and return from this boundary in finite coordinate time, which makes the global structure
physically relevant.

Studying the Klein-Gordon equation on AdS provides a concrete way to see how spacetime
curvature affects relativistic fields. In particular, it highlights how boundary conditions at
infinity play a direct role in determining the behavior of solutions.



2 QOutline

In this project, we will explore the geometry of AdS,, with a fixed n. We will set n =4 as is
physically relevant in general relativity and derive the global metric for AdS, from Einstein’s
field equations for A < 0.

From that, we will compute the d’Alembertian (Laplace-Beltrami) operator for AdS, to
analyze the KG equation. As a consistency check, we will apply to the Minkowski spacetime
to note the differences between the two and verify our formula for 0.

We will reduce the Klein—Gordon equation to an ordinary differential equation in the radial
coordinate and analyze the asymptotic behavior near the conformal boundary.

Finally, we will investigate the Poincaré patch which is a coordinate chart on AdS where
the metric becomes conformally flat. We will compare global and Poincaré coordinates and
show that the Poincaré patch does not cover the entire spacetime.

3 Derivation of the Metric for AdS,

To derive the AdS,; metric, we begin with the vacuum Einstein Field Equations with cosmo-
logical constant [12].

1
R/,LV - ERQMV + Aguu =0 (]-)

Here T* = (0, meaning we assume the spacetime contains no matter. Although unphysical
on its own, this is not a serious limitation. Physical applications of AdS typically involve
spacetimes that contain matter but approach pure AdS far from the matter sources, much
like asymptotically flat spacetimes approach Minkowski space at large distances.

We will assume that our spacetime is maximally symmetric in 4 dimensions, we then have
that the Riemann tensor is of the following form [6]

R
Rpa;w = n(n——l) (gpugau - gpugau) ) (2)

we obtain the Ricci tensor by contracting indices

R,, = gp'uRpauu- (3)

Substituting and simplifying,



R

_ v _
Roy =~ T (oulov = GovGou) (4)
R R
= m (n Jov — go—u) = Egmj' (5)

Where n is the spacetime dimension, which is 4 in our case. Thus,

R
R[,LV - Zg;un (6)

Now we must obtain R in terms of A. To do this, we will contract the Einstein equations
with g*”

v 1 v v
gu Ruu - iRgu Guv + Agﬂ Guv = 0. (7>
Recall that
"R, = R. (8)
And additionally,
guugwj — 5M“ =4 (9)

Substituting these results back in, we obtain

1
R—§R~4+A-4:O, (10)
which simplifies to

R—2R+4A=0 = R=4A. (11)

Substituting back into R, = % Guv, We obtain our final form of the Einstein Field equations.

R;u/ = AQW‘ (12)

To obtain the AdS; metric equation, we will assume that A < 0. We then ansatz a solution
of the form

ds” = —f(r)* di* + [(r) > dr® + 1 (d6° + sin*(9) d?) (13)

Substituting into the field equations gives a differential equation for f(r) which forces f(r)? =
1+ r%/L* [12], and we obtain the AdS global metric.
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ds® = 1+L2 dt” + 1—|—L2 dr* + r=dS2

Where dQ? = df? + sin®(0) d¢? and L is the AdS radius, defined by L? = —3

We call this the global metric because these coordinates cover the entire AdS spacetime: r
ranges from 0 out to spatial infinity, and the angular coordinates parameterize a full sphere.
This is in contrast to the Poincaré patch (Section 5), which only covers a portion of AdS.

If we let » = Lsinh(p), we can see an alternative form of the metric which reinforces the
notion that this is a hyperbolic spacetime.

ds®> = — cosh?(p) dt* + L* dp* + L*sinh?(p) (d6* + sin®(0) d¢?)

With the AdS; metric now established in two equivalent global coordinate systems, we turn
to computing the d’Alembertian operator on this geometry in Section 4.

4 Laplace-Beltrami Operator

On flat 3D space, the Laplacian acts on a function f as

2 2 2
_f O 0

2
V= ox?  0y? 022

Extending to flat 4D spacetime, this becomes the d’Alembertian operator, [J.

Of = =0} f + V2f =" 0,0, .

On a curved Lorentzian manifold, the natural generalization is the Laplace-Beltrami operator
(6, 12], which we denote by A

1

Vgl

This formula can be derived in two short steps. First, applied to a scalar, the covariant
derivative reduces to the partial: V,f = d,f, so Af = V#V,f = V,V* for the vector field
VI = g"0,f. Second, the covariant divergence of any vector field satisfies the identity [6]

Af = —=0,(Vldlg" ouf).

v,V = \/% au(JEw) ,

which, applied to our V#, gives the Laplace-Beltrami formula.



Now let’s apply this to AdS,. Recall the metric from Section 3:

-(1+%) 0 0 0
2\ -1
=] 0 (1+5) 0o 0
0 0 72 0
0 0 0 r%sin?(f)
with inverse .
-(1+%) 0 0 0
g = 0 1+ 0 0
0 0 % 0
1

Since the metric is diagonal, the determinant is the product of its diagonal entries:

12
The (1 + r?/L?) factors cancel, leaving

lg] :r4sin2(9), Vgl =2 sin(0).

r2 2\ 1
g =det(g,,) = (1 + — ) (1 + L2) -2 r?sin®(0) = —r*sin?(0).

To compute Af, we substitute into the Laplace-Beltrami formula. Since the metric is diag-
onal, g"” contributes only when p = v, so the formula reduces to a sum of four independent
terms. Pulling out the factors that don’t depend on z* in each derivative:

1
R — 7
7’251n (T sin(6 1+ 2/L2 tf) 1+r2/L2 2

s 0 Vo) = La (2 (15 oy
p=r: 7"281n {r*sin(® L2 N ETRal L2) "

1
p=0: s (0 89 (7" sin(6 89]”) = m@ p (sin(0)0y f)

1 1
ey (7O ) = e

The angular pieces (the 6 and ¢ terms) combine into the familiar angular Laplacian, which
we will denote A,pg.

Aongf = Op(sin(0) Dp f) + 3 f-

1 1
sin(@) ( )
Combining everything, the Laplace-Beltrami operator on AdS, reads
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P2\ 5 1 9 r? 1
Af:— 1+ﬁ 8tf—|—ﬁ8T T 1+ﬁ &f +ﬁAangf-

With this expression for the Laplace-Beltrami operator on AdS,, we are ready to analyze
the Klein-Gordon equation in Section 6. But first, let’s check for consistency.

4.1 Minkowski Limit

Let’s see what happens as L — co. The (1 + r?/L?) factors go to 1, giving
1 1
. 9 2
lim Af = —07f + T—Qar(r o f) + ﬁAangf.

The radial and angular pieces here are exactly the flat-space Laplacian V? written in spherical
coordinates,

1 1
v2f = ﬁ ar (T2 arf) + 7’_2 Aangfa

so the limit collapses to

lim Af = —02f + V2f = 0O,

L—oo

recovering the flat-spacetime d’Alembertian as expected.

5 Poincaré patch

The defining property of a manifold is that it is locally Euclidean (more precisely, every
point has a neighborhood homeomorphic to R™), and that it also has certain "nice” features
that we would expect. [13, 11]

While AdS satisfies the conditions for a manifold, we can tell from a quick glance at ds?
that it is certainly not as well-behaved as Minkowski space. To further analyze the space,
we will consider the Poincaré patch.

The Poincaré patch will allow us to consider a section or "patch” of AdS. This will lead to a
better understanding of the global structure of AdS, but we will also show that the Poincaré
patch does not cover all of AdS and is thus not a global chart.

We define the Poincaré coordinates (t, x,y, z) where z > 0. These coordinates are related to
the global coordinates by a change of variables[4, 10]. In these coordinates, the AdS, metric
becomes !

L2
ds? = — (—dt2 + dx® + dy? + dz2) .
z
This form is significantly simplified compared to the global metric from Section 3. In fact,
it is almost exactly the Minkowski metric, but with an overall factor of L?/2%.

!'Note that Boschi and Braga use A for the AdS radius and not the cosmological constant as in this paper.
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We say the metric is conformally flat because rescaling by 2%/L? produces flat spacetime.
This is a major advantage since many calculations can be unwieldy in global coordinates,
but they become tractable in the Poincaré patch.

Two limits stand out: z — 0 and z — oo. As z — 0, the conformal factor L?/2? diverges,
and we approach what is called the conformal boundary of AdS. The metric itself diverges
at z = 0, but multiplying by 2?/L? recovers a finite Minkowski metric, which captures
the asymptotic structure of AdS. This boundary is where the field theory in the AdS/CFT
correspondence is defined [1, 9]. As z — oo, on the other hand, we hit a coordinate singularity
called the Poincaré horizon.[10]

The existence of this horizon already tells us that the Poincaré patch does not cover all of
AdSy [2, 4]. Geodesics that reach z — oo in finite coordinate time leave the Poincaré chart,
even though they continue regularly when viewed from global coordinates [2]. The Poincaré
patch is therefore only a local chart. While it is useful for many calculations, it is insufficient
for fully global statements about AdS [2].

With this comparison between global and Poincaré coordinates established, we now turn to
the analysis of the Klein-Gordon equation in Section 6.

6 Analysis of the KG equation on the AdS boundary

We finally have all the pieces in place to study the Klein-Gordon equation on AdS,;. The
KG equation for a scalar field ¢ of mass m on a curved spacetime is

(A —m?)¢ =0,

where A is the Laplace-Beltrami operator we computed in Section 4. Substituting the explicit
form gives

P\, 1 ) = 1 )
— 1+ﬁ (9tgz5+ﬁ8r r 1+ﬁ &gb +7‘—2Aang¢—m¢:0.

This is a partial differential equation in four variables: ¢, r, 6, and ¢. Our strategy to
solve it is to first reduce it to an ordinary differential equation in 7 alone using separation of
variables, and then study what happens to solutions near the conformal boundary at r — oo.

6.1 Reduction to a Radial ODE

Separation of variables works here because the AdS; metric has two important symmetries.
First, it is static (i.e. nothing in the metric depends on time). Second, it is spherically
symmetric. The angular part of the metric is just r?dQ?, the standard metric on a sphere.
These symmetries let us look for solutions of the product form

Ot 7,0,0) = e Yi (0, 6) x(r),
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where w is a real frequency, Yy, are the standard spherical harmonics, and x(r) is a radial
function we want to determine.

We begin with the function depending on time. Differentiating e=™* twice with respect to
time gives

atQ e—iwt _ (—’éW)Q e—iwt _ _w2 e—iwt’

Thus,
0id = —we

The angular piece relies on the fact that the spherical harmonics are eigenfunctions of the
angular Laplacian.

Aamg Yim = _6(6 + 1) Yim.

This is the same eigenvalue equation that governs the angular momentum operator L? in the
hydrogen atom, and the eigenvalues are the familiar —¢(¢ + 1) from quantum mechanics.

Now we substitute ¢ = e~“!Y,,,x(r) into the KG equation and work through each term.
The first term becomes

1 w?

1 2
14+ r2/L? (—w)o = +1 +7r2/L2

“r %=

o.

The third term, with the angular Laplacian, becomes

1

r2

((0+1)

r2

Bung = 5 ({0 + 1)) = - 0

The radial term in the middle is unchanged in form, except that since e=™* and Y}, don’t
depend on r, they pass through the radial derivative unchanged:

: d
8r¢ = eithYva _X
dr

Putting everything together and dividing through by the common factor e=**Y},, (which is
nonzero), the four-variable PDE collapses to an ODE for x(r) alone:

1 d/, 2\ dx w? (+1) 9
-2 1+ )Xy, % T — 0.
r2 dr(r ( +L2) dr) +1+T2/L2X pz XX 0

The dependence on ¢, 6, and ¢ has been completely absorbed into the constants w and /.
We now have a single ODE we can study.



6.2 Asymptotic Behavior at the Conformal Boundary

We can’t analytically solve this ODE for general w, ¢, m. But we can ask what does x(r)
look like for very large r, near the conformal boundary?

To answer this, let’s see which terms in the ODE survive as r — oo and which become
negligible. We assume r > L. Going term by term we see that

o 1+72/L?~7r?/L? sor?(1+r*/L*) — rt/L>
o W /(1+1r*/L?*) — Ww?L?/r* — 0.

o (({+1)/r*—0.

e m? is just a constant; it stays.

So the frequency and angular terms vanish at large r. Only the mass term and the leading
part of the radial term survive. The asymptotic ODE is

1 d(rtdy 2y — 0
r2 dr \ L? dr mex=u

This is a simpler equation. Its structure suggests we look for power-law solutions, since
taking a derivative of r? just gives another power of r. So we ansatz a solution of the form

v

x(r) ~r”

for some constant v that we will determine later. We expect y to decay rather than grow at
large r, so v is typically positive.

Now we just plug in and compute, step by step. Differentiating once gives

d—X = —yr vl
dr '
Multiplying by the prefactor r*/L?:
rtdy ! —v—1 L.
Do - )=

Differentiating again:

Dividing by the outer 72:
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ii(r“ dx) vB3-v) -, _v(r-3) _,

Za\2a) - = T T

where the last step is just rewriting —v(3 — v) = v(v — 3). Substituting back into the
asymptotic ODE:

Both terms have a factor of »=%, which is nonzero, so we can divide it out:
b )

or rearranging:
v(v —3) = m*L%
This is just a quadratic equation in v. Expanding:
v —3v —mPL* =0,

and the quadratic formula gives the two solutions

3+ V9 +4m?2L?
5 .

Vy =

So the equation has two power-law solutions at large r: one going as r~"~ and the other as
r~7+. The general asymptotic form of x(r) is then a linear combination of the two:

X(r) ~Ar~"- + Br ", r — 00,

where A and B are constants determined by the boundary conditions.

6.3 The Breitenlohner-Freedman Bound

The two values vy are real only if the expression under the square root is nonnegative:

9+ 4m?L* >0,

which rearranges to
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m? >

This is the Breitenlohner-Freedman bound, often called just the BF bound [5].

Note that this bound allows negative values of m?. In flat Minkowski space, m? < 0 cor-

responds to a tachyonic field, and the theory is unstable. On AdS, however, the negative
spacetime curvature provides an effective restoring force that confines the field. This sta-
bilizes scalars with slightly negative m?, as long as the mass squared stays above the BF
threshold —9/(4L?).

If m? falls below this threshold, the BF bound is violated as v; becomes complex. The
asymptotic solutions then oscillate as r — oo rather than decaying, and the field becomes
unstable.

6.4 Boundary Conditions and the Final Picture

We found that the asymptotic solution

X(r)~Ar™"- 4+ Br "

contains two free constants A and B. To pin down a unique solution, we need to specify the
relationship between them at the conformal boundary.

This is where the global structure of AdS becomes decisive. As we noted in the introduction,
the conformal boundary of AdS is timelike signals can travel from any interior point to
the boundary in finite coordinate time. This means AdS is not globally hyperbolic[8, 12].
Specifying initial data on a Cauchy surface (a constant-time slice) is not enough to determine
the future of the field, because new information can flow in from the boundary at any later
time.

To make the dynamics well-defined, we supply additional information at the boundary itself.
Different choices of boundary conditions, for instance requiring A = 0 or B = 0, or some
linear relation between them give genuinely different theories with different solutions [7].

7 Conclusion

On AdS, the Klein-Gordon equation does not have a unique solution given just initial data.
The timelike conformal boundary makes the boundary conditions a physical input that we
must specify, not a mathematical convenience that we can ignore.

We started from Einstein’s equations with A < 0, we derived the AdS,; metric, computed
the Laplace-Beltrami operator on this geometry, reduced the Klein-Gordon equation to a
single ODE in r, and found that solutions near the conformal boundary fall into two distinct
branches indexed by v.. The Breitenlohner-Freedman bound tells us when these branches
are real, and the timelike conformal boundary tells us why we must choose between them.

12



Bibliography

References

Ofer Aharony et al. “Large N Field Theories, String Theory and Gravity”. In: Phys.
Rept. 323 (2000), pp. 183-386. arXiv: hep-th/9905111.

C. A. Ballon Bayona and Nelson R. F. Braga. “Anti-de Sitter boundary in Poincaré
coordinates”. In: General Relativity and Gravitation 39 (2007), pp. 1367-1379. arXiv:
hep-th/0512182.

Ingemar Bengtsson. Anti-de Sitter Space. Lecture notes. URL: https://3dhouse.se/
ingemar/Kurs.pdf (visited on 03/14/2026).

Henrique Boschi-Filho and Nelson R. F. Braga. “Compact AdS space, Brane geometry
and the AdS/CFT correspondence”. In: Nuclear Physics B 608 (2001), pp. 319-332.
arXiv: hep-th/0112196.

Peter Breitenlohner and Daniel Z. Freedman. “Stability in Gauged Extended Super-
gravity”. In: Annals of Physics 144 (1982), pp. 249-281.

Sean M. Carroll. Spacetime and Geometry: An Introduction to General Relativity. San
Francisco: Addison-Wesley, 2004.

Claudio Dappiaggi and Hugo R. C. Ferreira. “On the Algebraic Quantization of a
Massive Scalar Field in Anti-de Sitter Spacetime”. In: (Jan. 2017). arXiv: 1701.07215
[math-ph].

Akihiro Ishibashi and Robert M. Wald. “Dynamics in Non-Globally-Hyperbolic Static
Spacetimes. III. Anti-de Sitter Spacetime”. In: Class. Quant. Grav. 21 (2004), pp. 2981—
3013. arXiv: hep-th/0402184 [hep-th].

Juan Maldacena. “The Large N Limit of Superconformal Field Theories and Super-
gravity”. In: Adv. Theor. Math. Phys. 2 (1998), pp. 231-252. arXiv: hep-th/9711200.
John McGreevy. Lecture 12: Anti-de Sitter Space. UCSD Physics 239A lecture notes.
2008. URL: https://mcgreevy.physics.ucsd.edu/fall08/handouts/lecturel2.
pdf.

Mikio Nakahara. Geometry, Topology and Physics. 2nd. Graduate Student Series in
Physics. Taylor & Francis, 2003. 1SBN: 978-0-7503-0606-5.

David Tong. Lectures on General Relativity. University of Cambridge Part I1I Math-
ematical Tripos lecture notes. 2019. URL: https://www.damtp.cam. ac.uk/user/
tong/gr/grhtml/grhtml.html.

Loring W. Tu. An Introduction to Manifolds. 2nd ed. Universitext. New York: Springer,
2011. 1SBN: 978-1-4419-7399-3.

13


https://arxiv.org/abs/hep-th/9905111
https://arxiv.org/abs/hep-th/0512182
https://3dhouse.se/ingemar/Kurs.pdf
https://3dhouse.se/ingemar/Kurs.pdf
https://arxiv.org/abs/hep-th/0112196
https://arxiv.org/abs/1701.07215
https://arxiv.org/abs/1701.07215
https://arxiv.org/abs/hep-th/0402184
https://arxiv.org/abs/hep-th/9711200
https://mcgreevy.physics.ucsd.edu/fall08/handouts/lecture12.pdf
https://mcgreevy.physics.ucsd.edu/fall08/handouts/lecture12.pdf
https://www.damtp.cam.ac.uk/user/tong/gr/grhtml/grhtml.html
https://www.damtp.cam.ac.uk/user/tong/gr/grhtml/grhtml.html

	Introduction and Motivation
	Outline
	Derivation of the Metric for AdS4
	Laplace-Beltrami Operator
	Minkowski Limit

	Poincaré patch
	Analysis of the KG equation on the AdS boundary
	Reduction to a Radial ODE
	Asymptotic Behavior at the Conformal Boundary
	The Breitenlohner-Freedman Bound
	Boundary Conditions and the Final Picture

	Conclusion

